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It is shown that there is a unique 2-(9,4,3) design with three different exten- 
sions to a 3-(10, 5, 3) design. Two of the extensions are isomorphic and have a 
further extension to the unique 4-(11,6,3) design. There is another 2-(9,4,3) 
design with just two extensions to a 3-design. There are 11 2-(9,4,3) designs in 
all, as announced by van Lint, et al. and Stanton et al. There are seven 3- 
(10, 5, 3) designs of which one is triply transitive, another transitive, and the rest 
are not transitive but are self-complementary. The transitive 3-designs each have 
one restriction to a 2-design. Of the non-transitive 3-designs 4 each have two 
restrictions and the fifth has three. 
I. INTRODUCTION AND STATEMENT OF RESULTS 
A t-(t), k, A) design on u symbols (or varieties or points) has b distinct 
blocks of k distinct symbols with every unordered t-tuple of symbols appearing 
in exactly X blocks. Let hi , i < t, be the number of times a particular i-tuple 
appears in the design. Then, with h,,, = b, a standard formula is 
hj = h (r - i)(c - i - I)(0 - i - 2) .*. (2’ - t + 1) . 
(k - i)(k - i - l)(k - i - 2) ... (k - t + 1) ’ O<iit. 
With every design is associated an incidence matrix [Q], with aij = 1 if 
the i-th symbol lies on the j-th block and ajj = 0 otherwise. If two designs 
are such that the incidence matrix of one can be obtained from the incidence 
matrix of the other by row and column permutations then the two designs 
are said to be isomorphic. A permutation of the symbols which preserves 
the blocks (although they may bre reordered) is called an automorphism. 
If the automorphism group of a design is such that any symbol can be 
transformed to any other then the group is transitive on the symbols and 
the design is said to be transitive. If any ordered pair can be sent to 
* This research was done while visiting the Department of Combinatorics and Optimiza- 
tion, University of Waterloo, in 1976-77. 
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any other ordered pair the design is said to be 2-transitive and so on. 
From a given t - (a, k, h) design it may be possible to form a (t + 1) - 
(u + 1, k + 1, 4 d esign by adding a new symbol to each of the given blocks 
and by adding further new blocks of k + 1 symbols not including the new 
symbol. The new design is called an extension of the old one. A design pro- 
duced by deleting a particular symbol from the blocks of a given design and at 
the same time discarding all blocks not containing the chosen symbol is called 
a restriction of the given design. Restrictions on different symbols may 
produce non-isomorphic designs. If, however, the given design is transitive 
then all restrictions will be isomorphic. 
It is known that any 2 - (2k + 1, k, X) design can always be extended to a 
3 - (2k + 2, k + 1, X) design by complementation; that is to say, by adding 
the same new symbol to each of the original blocks and then by taking the 
complement of each block with respect to the new set of symbols to form 
further new blocks. For the Hadamard 2 - (4h + 3, 2X + 1, h) designs 
the extension by complementation is the only extension. In a course on 
designs given while visiting the University of Waterloo in the Fall of 1976, 
Professor D. R. Hughes asked if a 2 - (2k + 1, k, h) design can ever be 
extended other than by complementation. 
Hughes suggested that a study of 2 - (2k + 1, k, k - 1) designs might 
yield affirmative results. The value k = 4 gives the smallest interesting case. 
In addition to the possibility of multiple extensions, a 2 - (9, 4, 3) design 
has parameters that are compatible with a repeated extension to a 4 - 
(11, 6, 3) design. This does indeed happen. There is a unique 2 - (9, 4, 3) 
design with three different extensions. Two of these extensions are isomorphs 
of a 3 - (10, 5, 3) design which in turn has a unique extension to a 4 - 
(11, 6, 3) design. This 4-design is the only one of its kind, being the comple- 
ment of the well-known 4 - (11, 5, 1) design whose group is M,, , the 
smallest of the Mathieu groups. (Witt [6]; Greenberg [2]). 
There is another 2 - (9, 4, 3) design with just two different extensions. 
There are 11 non-isomorphic 2 - (9, 4, 3) designs in all, but 9 of them can be 
extended in only one way, i.e., by complementation. The 11 non-isomorphic 
2 - (9, 4, 3) designs have previously been found by van Lint, van Tilborg 
and Wiekema [5] and by Stanton, Mullin, and Bate [7]. 
There are 7 non-isomorphic 3 - (10, 5, 3) designs. Of these one is triply 
transitive, another is singly transitive, and the remaining 5 are not transitive. 
These 5 are formed by complementation from 2 - (9, 4, 3) designs and 4 
of them each have two non-isomorphic restrictions while the fifth has three 
such restrictions. 
In section II the 2 - (9, 4, 3) designs with more than one extension are 
investigated. In section III all the non-isomorphic 2 - (9, 4, 3) designs are 
presented. Section IV is a catalogue of the 3 - (10, 5, 3) designs and their 
automorphism groups. 
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II. 2-(9, 4, 3) DESIGNS WITH MULTIPLE EXTENSIONS AND TRANSITIVE 
3-(10, 5, 3) DESIGNS 
Block Intersections and Types. 
Suppose a t-design has k elements per block. For a particular block let 
ni , 0 < i < k, be the number of blocks that intersect it in exactly i points. 
Then the block is said to be of type (n, , its , n2 ,..., nk-J. Note that nk = 1 
always. In general the blocks in a design are of different types. If all the 
blocks are of the same type the design is of type (no, n, , n2 ,..., q-]). 
Otherwise the design is of mixed type. The ni are connected with Xj through 
the set of (t $ 1) equations 
These equations have been used to construct Table I. 
TABLE I 
Design Parameters 
Possible block 
Intersection numbers 
A3 4 Aa Aa 4 no 4 na % 4 n5 ne 
2-(9,4,3) 18 8 3 - - 1 4 12 0 1 - - 
0791 l-- 
3-m 533) 36 18 8 3 - 1 1 16 16 1 1 - 
0 5 10 20 0 1 - 
4-(11,6,3) 66 36 18 8 3 0 0 15 20 30 0 1 
Two results follow immediately from this table. Firstly, a 2 - (9, 4, 3) 
design extended by complementation always gives a 3 - (10, 5, 3) design of 
type (1, 1, 16, 16, 1); secondly, if a 3 - (10, 5, 3) design has an extension to a 
4 - (11, 6, 3) design then it must be of type (0, 5, 10, 20, 0). Thus for exten- 
sions of 2 - (9, 4, 3) designs other than by complementation there must be 
3 - (10, 5, 3) designs containing blocks of type (0, 5, 10, 20, 0). A first step 
towards establishing the existence of such designs is given by the theorem: 
A 3 - (10, 5, 3) design has 0, 16 or 36 blocks of type (0, 5, 10, 20, 0). 
ProoJ: (a) If a block of type (0, 5, 10, 20, 0) is present then there are 
5 blocks each intersecting it in just one point. These 5 must be of the same 
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type as the original block; for if not, then they would be of type (1, 1, 16, 16, 1) 
and therefore their complements would be in the design. But each of these 
complements would intersect the original block in 4 points, which is impos- 
sible. If the first block is 12345 then the first six blocks can be taken to be 
12345 26780 46890 16789 36790 57890 
and are all to be of type (0, 5, 10, 20, 0). A block of type (1, 1, 16, 16, 1) 
cannot intersect any of these in 4 points and the same is true of its complement, 
which must also be in the design. Therefore this complementary pair can, 
and indeed must, contain only one triple from the five symbols 67890. 
There are 10 such triples and each appears 3 times in the design. But the 
6 blocks listed above contain each of these triples twice. Therefore there can 
be at most 20 blocks of type (1, 1, 16, 1) and so there are at least 16 of the 
other type, there being 36 blocks in all. 
(b) Suppose that the design has a block of type (1, 1, 16, 16, 1). 
Then its complement must also be present. There is also another block inter- 
secting the first in 4 points and its complement must also be present. There- 
fore there is a quartet of blocks of type (1, 1, 16, 16, 1) which can be taken as 
12367 45890 12368 45790. 
In the design the triple 123 occurs three times so without loss of generality 
the existence of a fifth block 12345 can be assumed. Suppose this is of type 
(0, 5, 10, 20, 0). Now count the appearances of the pair 45 in the design. 
No quadruple from 12345 can ever appear again in the design. The triples 
145, 245, 345 must each appear three times. Therefore the pair 45 appears 
32 + 2 = 11 times. But each pair occurs just 10 times in the design. Therefore 
the block 12345 cannot be of type (0, 5, 10, 20, 0). 
Now the four blocks of type (1, 1, 16, 16, 1) listed above contain 8 triples 
like 123 which are common to a pair of blocks. These triples are taken from 
either of the two quadruples 1236 and 4590 neither of which can occur again. 
Thus no pair of the 8 triples can co-exist in a block other than one of the 
4 original blocks. Hence there must be at least 8 more blocks of type (1, 1, 
16, 16, 1). Furthermore it is impossible for these 8 blocks to contain a 
complementary pair. Therefore since the complements of these 8 blocks 
must also appear, there are at least 4 + 8 + 8 = 20 blocks of type (1, 1, 
16, 16, 1). 1 
It is shown subsequently that all three kinds of 3 - (10, 5, 3) designs 
exist. Since any restriction on a 3 - (10, 5, 3) design produces a 2 - (9, 4, 3) 
design and any 2 - (9, 4, 3) design can be extended by complementation, 
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the existence of the three kinds of 3 - (10, 5, 3) design implies the existence 
of 2 - (9, 4, 3) designs extendible in two or more different ways. 
The 3 - (10, 5, 3) Design of Type (0, 5, 10, 20, 0). 
There is a unique Steiner triple system on nine symbols (which we take to 
be 2, 3, 4, 5, 6, 7, 8, 9, 0). It has 12 triples and every pair of symbols appears 
in just one of these triples, i.e. it is a 2 - (9, 3, 1) design. The twelve triples 
can be arranged in 4 sets of 3 in such a way that each symbol appears just 
once in each set. If these sets are called (Y, ,& y, 6 then this system can be 
displayed as 
230 248 256 279 
467 357 349 368 
589 690 780 450 
Let Tr and T, be two Steiner triples and form their union T, u T, , written 
for brevity as Tl T, . If 1 Tl T, / = 5 the union will be called a Steiner 
product. If 1 T, T, 1 = 6 the union will be called a Steiner sum. 
If T(a) is a Steiner triple from a: it can form a Steiner product with any of 
T(p), T(y), T(S) but not with another T(a). Therefore any Steiner triple 
appears in just 9 of the 54 possible Steiner products. Let T(a) T(p) be the set 
of 9 Steiner products generated by 01 and /3 etc. Then 
is a 2 - (9, 5, 15) design. 
Proof. Consider the typical pair 23; it occurs 9 times in products of which 
230 is a component and 6 times in products of which 230 is not a component. 
Therefore this, and any pair, occurs 15 times. No two Steiner products are 
equal so the 54 blocks are all different. fl 
There is a permutation (2) (7) (9) (30) (46) (58), which fixes 01 and 6 but 
interchanges /!I and y. There are similar automorphisms interchanging any 
pair of 01, p, y, 6. Therefore 2 - (9, 5, 15) design contains 3 isomorphic 
copies of 2 - (9, 5, 5) design namely 
%I T(P) u T(r) T(S) ; T(a) T(Y) ” T@) T(s) ; T(a) T(a) u T(P) T(r). 
Now the complement of a 2 - (9, 5, 5) design is a 2 - (9, 4, 3) design. Let 
e[ ] denote a complement with respect to {2, 3, 4, 5, 6, 7, 8, 9, 0} and write 
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+(1) to indicate the addition of 1 to each block of a design. Then, as a result 
of extension by complementation, 
is a 3 - (10, 5, 3) design oftVpe (1, 1, 16, 16, 1). 
In this 3-design T(cY))T@) u T(y)T(G) contains each Steiner triple just 3 
times and each non-Steiner triple just twice. Therefore e[T(ol)T@) u 
T(y)T(G)] conains no Steiner triples and each non-Steiner triple just once. 
Therefore e[ T(a) T(p) U T(y) T(S)] is of type (1, 4, 12, 0) since no block can 
have 3 points in common with another. 
The designs T(cv.)T@) u T(y)T(G) and T(oc)T(y) u T@)T(G) have the same 
catalogue of triples. This fact combined with the interchange properties of 
a, /3, y, S implies that 
are isomorphic 3 - (10, 5, 3) designs of type (0, 5, 10, 20, 0). 
Proof. The type is decided by noting that the 54 Steiner products are all 
distinct and that TV u T@)T(6) and e[T(a)@) u T(y)T(G)] +(1) 
cannot contain a complementary pair of blocks. 1 
It has now been established that e[T(oc)T@) u T(r>T(S)J + (I) is a 
2 - (9, 4, 3) design with 3 different extensions to a 3-design. 
The uniqueness of the 3 - (10, 5, 3) Design of Type (0, 5, 10, 20, 0). 
A 3 - (10, 5, 3) design of type (0, 5, 10, 20, 0) is such that a restriction on 
any symbol is a 2 - (9, 4, 3) design in which no pair of blocks have 3 symbols 
in common; that is to say a 2 - (9, 4, 3) design of type (1, 4, 12, 9). But 
all 2 - (9, 4, 3) designs of type (1, 4, 12, 0) are isomorphic. 
Proof. No two blocks have three symbols in common. Each block con- 
tains 4 distinct triples. There are 18 blocks. Therefore the design contains 72 
triples each occurring just once. But from 9 symbols 84 distinct triples can be 
formed. Therefore exactly 12 distinct triples do not appear in the design, 
Now each pair of symbols occurs in three blocks and therefore appears in 
6 triples from the design. But in forming triples from 9 symbols a particular 
pair occurs in 7 triples. Therefore the 12 distinct triples not in the design 
contain each pair of symbols just once. That is, these 12 triples form a Steiner 
triple system on 9 symbols. But there is only one such system. Any block in 
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the design has two symbols in common with each of 6 Steiner triples and one 
symbol in common with each of 4 Steiner triples. Thus there is a unique pair 
of Steiner triples not intersecting each block. Since they contain between 
them the 5 symbols not in the block they must have a symbol in common and 
therefore their product defines a unique block in the complementary design. 
But we have seen that there is only one 2 - (9, 5, 5) design that can be 
formed by Steiner multiplication. Therefore up to an isomorphism, there is 
just one 2 - (9, 4, 3) design of type (1, 4, 12, 0). 1 
Since all restrictions on a 3 - (10, 5, 3) design of type (0, 5, 10, 20, 0) 
produce the same unique 2-design it follows that up to an isomorphism 
there is only one 3 - (10, 5, 3) design of type (0, 5, 10, 20, 0). 
Construction of the 4 - (11, 6, 3) Design. 
Any restriction on a 4 - (11, 6, 3) design produces a 3-design just men- 
tioned. But the 4 - (11, 6, 3) design is unique since it is the complement of 
the 4 - (11, 5, 1) design whose uniqueness has been established (Witt [6]). 
Thus the 3 - (10, 5, 3) design can be extended to a 4 - (11, 6, 3) design 
but in one way only. Strictly speaking it is not necessary to construct the 
4 - (11, 6, 3) design. However all the ingredients are on hand to make an 
interesting model of it and the Steiner sums, which have been dormant since 
their definition, make their appearance. Let cc be the extra symbol required 
for the extension from the 3-design. 
In the 4 - (11, 6, 3) design there are 12 blocks containing neither co nor 1. 
These 12 blocks must form a 2 - (9, 6, 5) design D whose complement is a 
2 - (9, 3, 1) design; that is, the unique Steiner triple system on 9 symbols. 
Therefore the blocks of D are the Steiner sums and a model of the 4 - 
(11, 6, 3) design is readily constructed as in Table II. 
The automorphism group of the Steiner triple system is 2-transitive. It 
contains permutations like (2) (3408) (5769) and (2) (3605) (4789) which 
fix 2, are together transitive on the other symbols, and which interchange 
(Y, 8, y, 6 in pairs while preserving T(cl)T@) u T(y)T@). By using these and 
restricting on co and 1 it can be shown directly that the 3 - (10, 5, 3) design 
of type (0, 5, 10, 20, 0) is 3-transitive. A little further work shows that the 
4-design has M,, as its group and is 4-transitive. 
The 3 - (10, 5, 3) Design of Mixed Type. 
A 3 - (10, 5, 3) design of mixed type must have 16 blocks of type 
(0, 5, 10, 20, 0) and 20 of type (1, 1, 16, 16, 1). The 20 blocks of type (1, 1, 
16, 16, 1) contain 10 complementary pairs of blocks and therefore contain 
each symbol 10 times. 
The remaining 16 blocks therefore contain each symbol 8 times. Within 
this set of blocks each has 5 others intersecting it in just one point and no 
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TABLE II 
4-(11,6,3) 
[ W) VP) ” T(r) r(s)1 4mP-@) ” %W-WI m4%4 ” WW(W 
+(I) +m + fw> +(a) 
123480 12345~ 23490~ 
123570 12367m 23468~0 
123690 12389~0 23560~0 
124678 12470~ 23579~0 
124589 12469~0 23780~0 
125679 12.590~ 24580~0 
123568 12578~~ 2456703 
124560 12680~0 24789~0 
123479 1346Om 25689~0 
127890 13478w 2679003 
134689 13580~ 34589co 
134590 13569~ 3457oco 
134567 1379ow 34679~0 
135789 1456803 3567803 
137680 1457900 36890~ 
145780 14890x1 45690~0 
146790 15670~ 4678003 
156890 1678903 5789003 
230467 248357 256349 279368 
230589 248690 256780 279450 
467589 357690 349780 368450 
block intersecting it in 4 points. Two of these blocks can be taken to be 
12345 and 16789. For the block 12345 there are 4 further blocks intersecting 
it in each of the symbols 2, 3, 4, 5 just once. These blocks must contain 
quadruples from 67890 other than 6789. Theerefore there are at least 4 blocks 
containing 0 but not 1. Likewise from the block 16789 is deduced the existence 
of 4 more blocks containing 0 but not 1. These blocks must contain quadruples 
from 23450 other than 2345. Thus there are 8 blocks containing 0 but not 1. 
In the whole design there are 18 appearances of 0 and of 1. Therefore of the 
16 blocks of type (0, 5, 10, 20,0), 8 contain 1 and not 0, and 8 contain 0 but 
not 1. The pair 10 is said to be exceptional. By similar arguments the existence 
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of 4 other exceptional pairs is deduced. These can be taken to be 29,38,47 and 
56. The construction of the 16 blocks is then forced and the set is unique. This 
set of blocks is labelled E + F where E refers to those blocks containing 1 
and Fto those containing 0. The remaining 20 blocks in the design are labelled 
G. 
Each exceptional pair must occur 8 times in G. There are 5 such pairs 
yielding 40 such occurrences in all. No block in G can contain more than 
two exceptional pairs. As G has 20 blocks, each must contain exactly two 
exceptional pairs. Each pair of complementary blocks in G therefore contains 
4 of the 5 exceptional pairs. The fifth exceptional pair must be split to 
complete the blocks. This information readily leads to a version of the blocks 
G and hence to a model of the design. This is displayed in its sections E, F, G 
in Table III. Also included are the complements of E and F, namely E and F. 
The section G is self-complementary. 
There is only one 3 - (10, 5, 3) design of mixed type; it is transitive. 
Proof. The 5 permutations (12) (09) (35) (68), (13) (08) (24) (79), (14) (07) 
(25) (69), (15) (06) (37) (48), (23) (45) (67) (89) are elements of the auto- 
morphism group. The design is therefore transitive. Furthermore any 
exceptional pair can be transformed to any other exceptional pair. The 
blocks E + F are unique in structure and determine the exceptional pairs. 
Therefore the structure of the blocks G is uniquely determined. 1 
TABLE III 
1 2 3 4 5 1 2 3 8 9 4 5 6 7 0 6 7 8 9 0 
12367 2 3 8 9 0 1 4 5 6 7 4 5 8 9 0 
12468 3 5 7 9 0 
E 1 2 5 7 8 12490 3 5 6 7 8 34690 l? 
1 3 4 6 9 1 2 7 9 0 3 4 5 6 8 2 5 7 8 0 
1 3 5 7 9 2 4 6 8 0 
1 4 5 8 9 1 2 5 6 0 3 4 7 8 9 2 3 6 7 0 
1 6 7 8 9 15690 2 3 4 7 8 2 3 4 5 0 
2 3 4. 6 0 1 3 4 7 0 2 5 6 8 9 I 5 7 8 9 
2 3 5 7 0 1 4 7 8 0 2 3 5 6 9 14689 
2 4 5 8 0 1 3 6 7 9 
F 2 6 7 8 0 1 3 5 8 0 2 4 6 7 9 13459 P 
3 4 5 9 0 1 3 6 8 0 2 4 5 7 9 1 2 6 7 8 
3 6 7 9 0 1 2 4 5 8 
4 6 8 9 0 G 1 2 3 5 7 
5 7 8 9 0 I 2 3 4 6 
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As a consequence of the transitivity all restrictions on E + F + G lead 
to the same 2 - (9, 4, 3) design, which can also be found by restricting on 1 
in E + F + G. Thus there is just one 2 - (9, 4, 3) design with exactly two 
extensions. 
III. THE NON-ISOMORPHIC 2-(9,4, 3) DESIGNS 
Self Complementary 3 - (10, 5, 3) Designs. 
Two of these have already been constructed because each of the 2 - 
(9, 4, 3) designs determined so far has an extension by complementation. 
There are 3 more as will be shown. However there are no more transitive 
3 - (IO, 5, 3) designs. Indeed 
a 3 - (10, 5, 3) design which is self complementary cannot be transitive. 
Proof. A self complementary 3 - (10, 5, 3) design has all its blocks of 
type (1, 1, 16, 16, 1). There are 18 pairs of blocks, each pair intersecting in 
just one symbol. Suppose the two occurrences of the common symbol in 
each pair are called clips. If the design is transitive then all symbols are clips 
the same number of times. But there are 10 symbols and 36 clips, therefore 
the design cannot be transitive. l 
It therefore suffices to construct no more than half the number of 2 - 
(9, 4, 3) designs ab initio. The rest then follow in taking suitable restrictions 
on the non-transitive 3-designs obtained by complementation. 
It is shown by Breach [l] that 
there is a unique 2 - (9, 4, 3) design with no disjoint pair of blocks. (It is 
formed by addition modulo 9 on the base blocks 0124 and 0146.) 
It then follows that 
every 3 - (10, 5, 3) design which is self-complementary has at least one 
restriction to a 2 - (9, 4, 3) design with at most one disjointpair of blocks. 
Proof. If a symbol clips 2n times then a restriction on that symbol 
produces n disjoint pairs of blocks. Disjoint pairs cannot be produced in any 
other way. If a symbol does not clip at all then a restriction on that symbol 
yields a 2 - (9, 4, 3) design with no disjoint pairs of blocks. There is only 
one such design so the 3-design from which it came is uniquely specified. If 
the clipping symbols each clip at least 4 times then there is a symbol which 
does not clip at all, since there are 36 clips to be distributed amongst 10 
symbols. A restriction on this symbol yields the 2 - (9, 4, 3) design with no 
disjoint pairs. The only remaining possibility is that some symbol clips just 
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TABLE IV 
0247 3569 1247 2478 
0259 3478 1259 2569 
0268 4579 1268 2368 
0346 2578 1346 3469 
0358 2469 1358 3578 
0379 4568 1379 2379 
0489 2367 1489 4589 
0567 2389 1567 4567 
2345 6789 
2345 6789 
I II 
1246 1268 0246 0268 
1347 1379 0347 0379 
1489 4589 2578 4578 
1358 3568 3569 4569 
1567 4567 
1259 2579 0259 3468 
2369 3469 0358 2479 
2378 2478 0489 2367 
0567 2389 
2345 6789 2345 6789 
III IV 
1238 1239 0148 0158 
1267 1367 0678 1678 
1456 1457 2368 2378 
1489 1589 2458 3458 
2468 2469 
2578 2579 0123 4567 
3478 3479 0246 1357 
3568 3569 0257 1346 
0347 1256 
2345 6789 0356 1247 
VIII IX 
1239 2369 
1249 1469 
1389 3589 
1457 1578 
2345 2458 
2569 5679 
3468 4678 
1268 3479 
1356 2789 
X 
0124 0146 
1235 1257 
2346 2368 
3457 3470 
4568 4581 
5670 5602 
6781 6713 
7802 7824 
8013 8035 
XI 
1236 1268 
1259 2579 
1347 1379 
1458 1489 
1567 4567 
2378 2478 
2469 3469 
3568 3589 
2345 6789 
V 
0236 0268 
0347 0379 
0458 0489 
2467 2479 
2578 3578 
3569 4569 
0259 3468 
0567 2389 
2345 6789 
VI 
0158 0189 
0235 1235 
0269 0369 
1267 1279 
1368 3678 
3579 5789 
0137 2568 
0278 1569 
0567 2389 
VII 
The eleven 
non-isomorphic 
2-(9,4, 3) designs. 
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twice. A restriction on such a symbol produces a 2 - (9, 4, 3) design with 
one disjoint pair of blocks. 1 
It turns out that there are just four 2 - (9, 4, 3) designs having one disjoint 
pair of blocks. Full details of the construction of these are given in Breach [l]. 
The 5 2 - (9, 4, 3) designs with at most one disjoint pair of blocks lead 
to 6 other 2 - (9, 4, 3) designs by extensions and restrictions. In Table IV 
all 11 2 - (9, 4, 3) designs are given. Designs within the same rectangle lead 
to the same self-complementary 3 - (10, 5, 3) design. Each block belongs 
either to a disjoint pair (DB) or a friendly pair (FB). Friendly pairs of blocks 
have 3 points in common and the non-common points are called prongs. In 
Table V the 2 - (9, 4, 3) designs are analysed according to their FB’s, 
TABLE V 
2-(9,4, 3) Designs 
Design 
III 16 2 1 
IV 
V 
VI 12 6 1 
VII 12 6 1 
VIII 16 2 1 
IX 
X 
XI 18 0 1 
FB’s DB’s Ext. 
0 
16 
8 
16 
8 
14 
18 3 
2 1 
10 1 
2 1 
10 2 
4 1 
Trans. 
2 
- 
- 
Prong pairs 
None 
12,13,14, 15, 
16, 17, 18, 19. 
14, 15, 16, 17, 
42, 43,48,49. 
- 42,43,48,49 
- 32, 38, 34, 14, 
96,95,94, 17. 
- 32, 38, 34, 
95,96,94. 
- 10, 32, 95, 
17, 38, 96. 
- 23,45, 67, 89, 
89, 89, 89, 89. 
- 01,23,45,67. 
- IS, 16,27, 38, 
26, 37,48. 
1 04, 15,26, 37,48, 
50, 61, 72, 83. 
DB’s, number of extensions (Ext.), degree of transitivity (Trans.), and prong 
pair patterns. 
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TABLE VI 
3-(10, 5, 3) Designs 
Restrictions 
3-(10, 5, 3)No. blocks, type No. blocks, type to Order of 
design (1, 1, 16, 16, 1) (0, 5, 10, 20, 0) 2-(9, 4, 3)‘s aut. group Transitivity 
a 0 36 I 720 3 
b 36 0 I, II 72 - 
C 36 0 III, IV 16 - 
d 36 0 v, VI, VII 6 - 
e 20 16 IX 320 1 
f 36 0 VIII, IX 64 - 
g 36 0 x, XI 9 - 
TABLE VII 
3-(10,5, 3) Designs 
3-(10,5,3) 
Design Generators of aut. Group Starting Blocks 
(8340) (9576), (9370) (5864), 
(985) (647) (023), (906) (537) (824), 
(12) (98) (56) (47). 
(8340) (9576), (9370) (5864), 
(985) (647) (023), (906) (537) (824). 
(14) (08795263), (23) (67) (89). 
(139)(026785) (4). 
(01) (24359786). (14235) (07986), 
(2435) (9786). 
(Ol), (29) (56), (29) (47), (29) (38), 
(2534)(9687). 
(012345678) (9). 
12345 
12345 67890 
01246 01268 
35789 34579 
12389 23489 
12345 06789 
12389 04567 
12360 45789 
13470 25689 
12345 12389 
01249 35678 
12345 12389 
01249 35678 
01469 23578 
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IV. A CATALOGUE OF THE 3-(10,5, 3) DESIGNS 
The vital statistics of the 7 non-isomorphic 3 - (10, 5, 3) designs are 
given in Table VI. In Table VII geneators for the automorphism groups are 
given with sufficient blocks to enable each design to be constructed under the 
group action. The symbols are chosen to give designs compatible with those 
of Sections II and III. For 3 - (IO, 5, 3)e and 3 - (10, 5, 3)f the versions 
in Section II are described; to reconcile these with the work of Section III a 
translation by the permutation (08) (193) (46) is needed. 
The group for 3 - (10, 5, 3)~ is the largest proper subgroup of the Mathieu 
group M,, (Hall [3] ~79; Greenberg [2]). The generator (~02) (95) (84) (67) 
combined with those listed will produce M,, . All six generators acting on 
1234500 produce the 4 - (11, 6, 3) design. 
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